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Molecular dynamics sampling scheme realizing multiple distributions
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We present a molecular-dynamics sampling scheme in which any summation of multiple arbitrarily given
distributions can be realized deterministically by a certain theoretical guide. Our scheme thus provides a static
view of the composition of the distributions, rather than a dynamic view in which some parameter is switched
at a certain time in the simulation process. The proposed method induces the orbit to jump automatically
among different phase space regions, without the use of any artificial timing parameter. In addition, the
proposed method does not require an assumption that the density of states is smooth. We applied it to multiple
Tsallis distributions and established a suitable series of parameter values for which the sum of the distributions
allows broad sampling. Numerical simulations applied to fundamental models with multi-Tsallis distributions
showed efficient sampling, characterized by an energy trajectory that was totally different from that associated
with each single distribution.
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I. INTRODUCTION of peptides[19], and force field evaluatioh20]. However,

For a computer simulation to obtain accurate eXpecteaietermining the distribution weight is not a trivial matter;

values of objective functions, efficient sampling of states in &>Uch determination is often done by using appropriate func-
given distribution is a crucial task. The Boltzmann-Gibbs{ionS and parameter sefata that reflect the required infor-
(BG) distribution is a typically valuable one in physical is- Mation onl. In addition, from a purely mathematical view,
sues such as diffusion process in mdtt, glass-forming it is not generally plausible to assume that ﬂhgequwed in
liquids [2], and structural transitions in biomolecuf&. To  the _formtjzlatg)n r:s SS‘OOtZ' Relcentéy, '\QD usl!ng thehTsa!hsl
investigate these issues in many realistic continuous system%t,at'sucs[ 1,2 has een developed and applied to chemica
molecular dynamic$MD) has provided sampling methods Systemg23-25. The Tsallis distribution, an extension of the

I . BG distribution by one parametey, can be realized by a
for the BG distribution[4,5]. However, the conventional certain ordinary differential equatit©DE) [26—28. In our

) . ) ) af)revious work, we proposed Tsallis dynami{@®) [27] and
tures, especially in systems with complicated energy Surgeciared that TD gives accurate results effectively in peptide
faces. systems and in stiff systems for which conventional method
Replica exchange molecular dynami®EMD) [6,7] and gt failed in generating effectually the correct BG distribu-
multicanonical molecular dynamicICMD) [8-11] have  {ions [29,30. When we used this equation as a sampling

been proven effective at tackling this problerhi2]. The  tool, however, we encountered a problem in determining
REMD produces a product distribution of several BG distri-which parameter valuesncluding that ofqg) would provide
butions at distinct temperatures in extended space, exchange most efficient results. On the other hand, a common ad-
ing the temperaturéor statg for each “replica” according to vantage of these methods is that they can provide BG distri-
a certain timing, using appropriate criteria. This process probution at any temperature by a reweighting technif@®,
vides a dynamic view in the sense that each “replica” expeas long as they present certain defined distributions.

riences various temperature environments in one simulation. Now, as stated above, a common issue in developing these
This method has been applied to many problems, includingnethods is how to determine effective values of the required
the folding problem in proteingl3,14], and its effectiveness parameters. A direct solution to this is to construct a protocol
has been demonstrated. Regarding the exchange processfind the best candidate values in each original method.
characterizing a key feature in the method, it is noticed thaThese lines of investigation have been explored previously,
the parameter describing this timing as stated above is arte.g., Refs[32,33. Another approach is to develop a sam-
ficial. A theoretical evaluation of the suitable value of this pling method having no parameters or a method containing
timing would be desirable because there is a case that thgarameters obtained either with less effort or by a certain
choice of the value has a non-negligible effect on the finitetheoretical guide. In this paper, we consider a new sampling
time simulation resultl5]. On the other hand, MCMD pro- technique in MD that takes the latter approach. Notice that,
vides a static view in which a realization of a certain distri- due to the change in the parameter value, the covering region
bution, defined by a reciprocal of the density of stdiefor  in the phase spacéhe covering of the potential-energy
the potential energy of a given system, is designed to guide space is particularly targetedbtained in a finite-time simu-
random walk in the potential energy space. MCMD has beemation is usually, and sometimes drastically, varied even
applied extensively, e.g., in studies of peptide secondaryhen the change is subt|84]. Thus, if we have to choose
structures[16], flexible ligand docking to a receptdd 7], one value for the parameter, we are obligated to very precise
protein loop modelind18], conformational transition states setting. However, if we can realize a distribution that is a
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summation of each distribution described by a distinct paSec. Ill A a one-dimensional problem is treated, allowing a
rameter value, we will be free from such a choice, and aigorous inspection of our method. In Sec. Ill B we apply our
broader region can be covered. Our strategy here is not tmethod to an alanine peptide system and discuss several re-
choose one distribution, but to gather the distributions toalistic techniques for summing up Tsallis distributions. Our
gether. This can succeed when the overlap of each distribyesults are summarized in Sec. IV.

tion is not very small. In fact, when the distributions are

associated with the parameter values of a certain fixed dis-

tribution, we should establish a suitable series of values for Il. METHOD
which the sum of these distributions makes for good sam- . .
pling. A. Density dynamics

To keep a sufficient overlap of each distribution the Tsal- Let us briefly review density dynamid®7]. Consider a
lis distributions are usefuBB5], since they have broad distri- targeted arbitrary density functign(that is smooth, positive,
butions. The value of the Tsallis distribution Wld>1 ex- and integrabk}deﬁned on a domait” in RN. Density dy-
hibits slow decay with an increase in a system energynamics defines an ODE i, &=X(w), which has an invari-
compared with the exponential decline for the BG distribu-4 densityp with respect to Lebesgue measute on RN,

tion. In general, the fundamental role of the Tsallis distribu-5 the pasis of the Nosé-Hoover methi®6,37), we em-
tion for use in the sampling is to utilize this feature. First, ployed the following ODE withN=2n+1:

this probability distribution feature enables the system gov-
erned by this distribution to escape more effectively from %=D,0(w), i=1,..,n,
traps in a local region surrounded by high-energy walls. For '
example, the sampling behavior under use of the Tsallis dis-
tribution with 1<qg=3 in low-dimensional potential energy
systems have been discussed in d¢28,27,29,3() indicat- oo
ing that the distribution withg> 1 provides faster sampling => Dy ®(w)p; = nT,
speed than that for the BG distributi¢ire.,q=1), and thus it =1 !

brings a more statistically stable distribution. However, a8 here® = —T1n pToR; Dxi®(w), Dpi®(w), andD,0(w)

discussed above, the problem due to the use of only ong e th ial derivati 6f at pointw= ith
Tsallis distribution is that the total sampling behavior often enote the partial derivatives @ at poin w—_(x,p,g) Wi
gespect tox;, p;, (i=1,...,n) and ¢, respectively. Here, as

depends strongly on the choice of the values of the Tsallis®> , -k

distribution parameters. Nevertheless, the slow decay featuRPinted out in Ref[27], we have multiplied< by a Tact_orT _

for the distribution is again helpful in order to carry out the having an energy dimension to set each variable’s dimension

above plan by gathering the Tsallis distributions, because th@S @ Physically natural one; is a coordinate ang@; a mo-

feature can be used to establish desired sufficient overlaggentum. , , o

among mutual distribution, as demonstrated above. For these Under the assumption thitis complete, it is shown that,

reasons, we attempt to use multiple Tsallis distributiorior by Birkhoff's individual ergodic theorem, a time average of

conducting further effective escape from local traps énd 1Y functionf (assume, also below, e.g., a Borel measurable

for smoothly realizing the strategy of gathering distributions.function onI' with [r|fp|dw< +o0) has a long-time limit
We propose a deterministic scheme to realize a summa_Y—alue for_(pdc_o) almost every initial point. Further, if the flow

tion of arbitrary distributions under an ergodic assumptioniS ergodic with respect to measysdew,

To achieve this, we use density dynam|@¥], which has 1 (7

been developed to realize any density function on the basis |im—f f(w(t))dt:J f(a))p((u)da)/j p(w)dw (2)

of the Nosé-Hoover methol86,37]. In contrast to REMD, T==TJo r r

?riubrustii)hnir.n?’ﬁl,rg?l?r?str?esﬁgzgrlﬁws;:grfe(,:ogqj%c:ﬁgltjtgv(\?;r%ls holds almost everywhere. Substitution fok y,, the charac-

distinct oh ion dominant i h distributi feristic function for an ared\CTI', gives the interpretation
IStinct phase space region dominant in €ach distribution 0Gg, . 4, probability density for the realization of poiatis

curs automatically without any change in system parameteﬁroportional to the given valug(w)

values according to a certain periodical timing, implying that '

this method is free from the artifacts that depend on the

choice of such a timing. Furthermore, an increase in the B. Realization of summation of arbitrary densities

number of treated distributions does not indicate growth in

the corresponding computational resources. Since the densiaye

of stated) is not directly handled in this method, an assump-_.

. . . . . tio

tion that() is smooth is not required. Of course, this methodusuall represented by potential enelggx) and kinetic en-

enables us to reweight the original distribution into any ex- y rep yp

1 N n
plicitly given distributions, because the original distribution ergy K(p) [|1€t UZ be a smooth function on a domaifiC R
is described definitely. andK(p) = 3[|p[*], we here take the form
In Sec. I, we review the density dynamics and present an a(x = 3 (U(x) K 3
equation for realizing a summation of multiple arbitrarily PXP.8) = pp(UC0.K(P)pAL), ®
given distributions. To illustrate our method, we performedwhere p§ and p, are smooth, positive functions on certain
numerical simulations for “multi-Tsallis” distributions. In sets inR? andR, respectively. A summation of the densities

pi:—DXi(w)—Dg®(w)pi, i=1,...,n, (1)

We apply Eq.(1) to realize a summation dfl arbitrary
nsities. Letp®:'—R, a=1,...,M, be the density func-
ns that will be summed up. Since a physical system is
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M M
p(w) = 2 p7(x,p,0), 4) 2 Dupp(U(X),K(p)/Y?
= P =T C a=1,2, (12
where we sew=(x,p,{) e '=VXR"XR, can be realized a a
in the sense stated in Sec. Il A when we substitute (By. EPP(U(X)’K(p))/Y

into Eq. (1), this substitution yielding
and from the assumptions of the ergodicity Foi38] and the

X=n(x,p)p, 1=1,..,n, ) completeness we have

pi=-n(xpPDUX - ()P, i=1,...,n, (6) lim }fo(w(t))dt (13)
—xTJo

£=r(xp)pl? - nT, (7)

where =J ff)dw/f pdw (14
r r

M
To(X,P) = = TDallnE P‘S] (Ux),K(p)

o=t ZJ fpdw/f pdw = (f), (15)
M r r
a
zDaPP(U(X)’K(p)) as in Eq.(2). So we get the required results denoted by
=-T—x ., a=1,2, (8 objective densityp of Eq. (10). It should be noted that the

expectation valugf) becomes an average of each of the
corresponding expectatioff)?= [fpidw/Z?,

2 pp(U(0,K(p))

a=1

M
(0) = - TDIn pd). ) ) = %2 e, (16)
a=1

Here,D,f(u,k) is the partial derivative of functioh at point

(u,k) with respect to ther (1 or 2th component, viz.y or k, as is clear fromfrfpdw:frdwzgﬂzlfpalza:EQA:l(f)a and Z

and D In p,({) is the derivative of Ip, at . First, we note Efrpdw:EgAﬂ(l)a:M. Likewise, by putting f=y,, the

that this equation requires nearly the same computationgdrobability for realizing areaACT", P(A) = [ppdw/ [rpdw,

cost as the conventional MD equations do. In a typical MDis an average of each of the corresponding probabilities

simulation, most of the time is consumed in calculatihg) P3(A) = [ap®dw/Z2. Namely, we have derived the averaged

and D;U(x). Once we get thdJ(x) value, the summation (or summed, up to the normalizatipbmeasure from each

appearing in Eq(8), even for a largeM, takes much less probability measuréfor Borel sets inl’) P2

computational overhead than thatldfx), as long as the cost A practical way to calculat&® is to proceed as follows.

of calculating the values for the two-variable functiopf (i) Rearrange givenp?, p?,..., pM, using a permutation

andD_pp is low (as it usually i$. Moreover, the ODE does o:M={1,...,M}—M, such that the overlap between

not need the derivative of the density of states, so that ago‘l(a’) and po‘l(a'+1) is sufficient for alla’=1,...,M—-1.

assumption of the smoothness is not requisite in our methodii) Estimate the rate of partition functions for each neighbor-
We should often consider cases where egitts normal-  ing pair, resulting in, for example=1 with

ized. That is, we have to treat

a!
M -1 -1
_ H 7o UyzeG-D ... g > a(1),
p= E p° (10) j=o(1)+1
a=1 -1 47
_ Yo @) =4 1 - a =01,
with p?=p?/Z8, whereZ?= [p* w)dw (a=1,...,M). How- o(1)
ever, calculating an absolute value of the partition function 11 70 Mi-Djz07M0) ... g < a(1)
Z2is, in general, very hard. To make it easier, we use i=a'+1
\
M

~_ arva_ ¢ for a’ e M. These partition function rates can be estimated

p= %p *=Zp, (1) by the free-energy perturbatioffEP method[39] or the

. thermodynamic integration meth¢d0] or by advanced ap-

in place of Eq.(10), whereY2=Z72/Z¢, c being an arbitrary proacheg41] based on them.
fixed value inM={1,...,M} [we can weaken the assump-  However, it remains difficult to achieve accurate values
tion that Z2<o for all ae M; then componena with Z#  for partition function rates in actual complicated systems.
= just makes no contribution to the sum or the ODE, pro-Here, it should be emphasized that our final goal is not to
vided thatZ¢< «; see Eq.(12) below]. The value ofY2 can  obtain accurate values &Fs, but to generate an appropriate
be calculated or estimated as described below. The resultingpmbination of each distribution such that an effective sam-
change in Egs(5)—9) is only in Eq.(8), given by pling of states is achieved. In other words, af¥}.. v
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defines a certain densitithus permitting reweightingin ~ we consider a dynamics that realizes a summation of Tsallis
principle and so is sufficient whenever we have good sameélistributions, which we have called multi-Tsallis distribution.

pling as a result of this methddiz., to obtain accurat€Y?@} One manner for conducting this is to use the form of
is not a necessary condition but a sufficient condition to ar b
achieve good sampling, as long as we assume that Pe(®) =[1+aq(e+eq)]™, (20

=>M p?/Z2 causes such a samplingror this reason, in Sec. by recasting it ap3(U(x),K(p)) = p2(E(x,p)) with E(x,p)
Il we study the dependence of the results on the valu€®of = y(x)+K(p) in Eq. (3), which results in an ODE defined by

in numerical simulations. Egs. (5)<(7) and (9), and
Potential function distribution is an often targeted matter. '

It is thus useful to know how the potential distribution for the M A
current sum of the given densitigd, ..., pM is represented Z Dpg(E(x,p))/Y?
by that for eachp®. Let{T,:I'—T'|t e R} be the flow gener- (X% p) = 75X, p) = — Ta‘; . @)
ated by Eqgs(5)—(7), (9), and (12). Under the ergodic as- a .
sumption with suitable additional mathematical conditions, > pe(E(X,p))/Y
we can show that the probability distribution density of po- a=l
tential function,P;, at a pointu is represented by That is, we can realize the multi-Tsallis distribution denoted
1(7 by the density(up to the normalization constant
lim ;f Xu—1(|) °1Tr° Tt((l))dt M M
Pu(u) = lim - 2 ppUO),K(P)Z'8= 2 [1+ag(E(x,p) +e)]%/Z'2,
lI|—0 Il a=1 a=1
li lf (X p(w)dw/Z 22
= lim — -1(X
ij—oll] FXU HORPLETEE whereZ'2= [1.p3(U(x),K(p))dxdp noting that
M
=2 P WQyU)/M, (17 f O(x,p)p(w)dw/Z

a=1 Tr
almost surely, whereC R is a bin associated t[42], 7, is M a o
a projection:w—>x, xy-11,(X) takes 1[0] if U(x) eI [other- = O(x, p)ElPP(U(X)'K(IO))/Z dxdp

a=

wise], p2U(x)) = [ror1p?(X,p,O)dpdZ, and ), is the den-
sity of states forU. For the potential function distributions a '
for p? we now assume similar conditions, so each flow ,EPP(U(X)’K(F’))/Z dxdp

{T?|te R} [which can be constructed by puttintyt ={a}] el

having an invariant densityp? is ergodic with respect to holds for O:I'"=VXR" =R with [|Op|dw< +«. Here,

M

p?dw for ae M. Then, we also have our main concern is for,=(q,-1)/T, andb,=1/(1-0q,)
1(° [while this form was used in the following numerical simu-

lim _f Xu-10)° 71 ° T (w)dt lations, b,=q,/(1-q,) can also be consideref43]] (a

0, . ™=TJo a1 e M); q, is the Tsallis indexwe setq,>1), T,>0 is the
u(w = |”TO | =p (WU, temperature parameter, anglis a shift parameter so that we

should ensure 1lda,(e+¢c,) >0 for accessible values in or-
(18) der to define Eq(20) well [22,44,48. In Sec. lll, by the
Hence we get formulation described so far, we examine a realization of the
y distribution of Eq.(22). Note that a choice dfl =1 means a
1 a single Tsallis distribution and also reduces the ODE defined
Py(u) = le P(W), (19 by Egs.(5)~7), (9), (20), and (21) [with ay=(q-1)/T, &,
=0, andb;=qg/(1-q)] to the TD equation27,29. The
showing that the probability density far taking a value ofi present equation is hence an extension of the TD.
with respect to{T,} is given by the average of the corre-  Another density with which we employ the Tsallis form
sponding densities with respect{&;}, ..., {T\"}. may be

pp(UK) =[1 +a (u+el)]eexp- BK). (29

This splitting form forU and K denotes that the potential

As is often observed through a long tail in energy distri-energy obeys the Tsallis distribution while the kinetic energy
bution (especially on the high-energy sidg34], effective  obeys the BG distribution at temperatureg}/ It should be
support of the Tsallis distribution witlh>>1 is broad com- noted that the temperature 34 can take a different value for
pared with that of the BG distribution. This characteristic iseacha, suggesting a scheme encouraging an efficient sam-
convenient for making overlaps among the distributions s@ling: for a such that the potential energy covering region
as to evaluaté&/® safely, as discussed in Sec. Il B. Therefore (governed by[1+a,(u+e,)]%) is mainly located in a lower

C. Dynamics for multi-Tsallis distribution
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energy side, we can use a highgl/to induce large fluctua- 08— T
tions for escaping traps. 071 @ i A
0.6 L gi‘:::lrl};tiun 4
IIl. NUMERICAL SIMULATION 05r ]
. . o T >04r .
We investigate the realization of the multi-distribution de- =
fined by Eq.(22) via Egs.(5)—(7), (9), (20), and(21) through 031 )l
numerical simulations with the use of the fourth-order 0.2 ]
Runge-Kutta integration method. Section IIl A treats a low- 0.1+ .
dimensional system to compare the results obtained from our 0.0 oz e
scheme with the exact values. Section 1l B treats a peptide S5 o-4 -3 02 - 2 12 3 45
molecule system and demonstrates several technical issues
involved in the realistic effective sampling. 0.28 i : i : :
(b) nooTT theory: ¢g=1.5, T=1
0.24 - P e theory: ¢=2, T=1 -
A. One-dimensional double-well potential model 020l f o TThey ]
A model system of a one-dimensional double-w&DW) 0.161k i
potential <ol 1
U(x) =D(x* - 1)? (24) 0.08 ]
was applied. Despite the simplicity of the form, this potential 0.04 .
thrusts the conventional MD simulation into local traps and 0.00 .
often leads to a failure to correctly sample the states of the -5 -10 5 2 510 15

system[46,47], and yet its density of states is not smooth.

All variables were treated as dimensionless, and the fol-

FIG. 1. (Color onling Distribution density of coordinata (a)

lowing simulation conditions were used. The barrier heightyhq momentunp (b) for 1DW. The theoretical values for single

of the potential wa® =5; 75({) =500, was used for the den-
sity for ¢ along with the scaling factor df=10; and the total
time steps and the unit sty were 16 and 5x 107, respec-
tively. Initial values for the ODE werg&(0)=0, p(0)=1, and

{(0)=0.

We here exhibit the results of two kinds of summation of

Tsallis distribution withg=1.5,T=1 and that withg=2, T=1 are
indicated by dashed and dash-dotted lines, respectively. Theoretical
values and simulated resulthe bin sizes of the histograms were
0.02 for the multi-Tsallis distribution defined by the sum of these
two distributions are shown by dotted and solid lines, respectively.

Tsallis distributions for this system. First, we show the summuiltidistribution and its very good agreement with the exact
using two different values for the Tsallis index and the same/g|yes.

values for the temperature parameftén. (22) with M=2]:
0:=1.5,0,=2; T;=T,=1. Note that we chose the values in
that Z, Z?<; and we set;=¢£,=0 becausaJ=0 is ex-

Second, Fig. 2 presents the sum obtained from the use of
different values for the temperature parameter and the same
values for the Tsallis indexg;=q,=1.5; T,=1, T,=10.

plicitly ensured. The partition function rate was obtained in aagain, the simulation results for this multidistribution agreed

straightforward manner from
AS f L+ aaKE) + Uk + ea)%p,({)dxdpdy
= [y - by- 112/ Va (- b, ]
XL [1 + ay(U(X) + £,) %" 2dx

(valid for n=1, V=R, —-b,>1/2, andU>-1/a,-¢&,) with
its evaluation, wherey is a constant irrelevant ta and

quite well with the theoretical values. We also varied the
coefficient for the “friction” relevant term in Eq6), which
has often been discussed in the Nosé-Hoover equation type
[48,49, as 73({)/ =20, 50, 100, 200, 500, and 1000, and
obtained similar results. Consequently, these results confirm
that the current method provides accurate multidistributions
that were constituted in different manners using distinct
parameter-set values.

To confirm Eq.(17) directly, we examined the potential
energy distribution densityP(u), as depicted in Fig. 3.
Here, the theoretical value in this case is represented by

T'() is the gamma function. Figure 1 shows the distribution(1/M)Z5L;p*(u)Qy(u) for ue (0,D) U (D, ) with

density of coordinate, f;, and that of momenturp, f,. To

understand the situation well, we draw an exact density for

the single Tsallis distribution witq=1.5, T=1 and that with
gq=2, T=1; the latter is flatter than the former, driven by the
larger q effect [23]. For the multi-Tsallis distributio Eq.
(22)], its exactf,[f,] is shown to be equal to the average of
above each exadt[f,], as indicated in the figure. We show

PHU) = [+ (Ut £0)(Ga = DT 222,

where  Z2= [R[1+(U(X) +&5)(Ga— 1)/ T, Y%+ 2dx= [ 1
+(Utey) (g~ 1)/ T,J¥ 1 %*120) (u)du is a normalization

the simulation results obtained by the current method for thisonstant, and
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0.8 T T T T T T T . T 15‘7‘—1 0.5 ‘ Y
i f oo theory: ¢=1.5, T=
0.7t (a) i I :1]::3 =15, T-10- (@) simulation
0.6F simulation i 0.4 \ — theory
0.5} 1 03
“3 0.4+ i wa
03+ 1 0.2 ]
02} 1 o1
0.1 i : e ——
0.0 Lol 0.0
5 403 4 5 0 2 4 6 8 10
U
0.28 . . . ——— 0.5 o ' i '
0241 (b) g $:gg Z;}jgz ;;}0_ 04 simulation
theory T . theory
0.20} simulation 4
0.3
7 IS}
. o \
] 0.2
] 0.1
s 005 7 4 6 8§ 10
U
FIG. 2. (Color onling Distribution density of coordinatg (a) FIG. 3. (Color onling Distribution density of potential energy

and momentunp (b) for 1DW. The theoretical value for single for 1DW for the multi-Tsallis distribution defined bya) q;
Tsallis distribution withq=1.5,T=1 and that withg=1.5,T=10 =1.5,0,=2; T;=T,=1 and (b) q;=0,=1.5; T;=1, T,=10. Solid
are indicated by dashed and dash-dotted lines, respectively. Theand dotted lines indicate the simulated valtiee bin sizes of the
retical values and simulated resultbe bin sizes of the histograms histograms were 0.0Jand the theoretical value, respectively.
were 0.02 for the multi-Tsallis distribution defined by the sum of .
these two distributions are shown by dotted and solid ”nes’observed: for Instance, the energy Iandscape often possess
respectively. many Ic_)cal minima due to thel compllcated.featqre .of the
interactions, and from an experiment interesting kinetic con-
formational isomerization has been indicaféd]. Alanine
Qu(u) = d dx tripeptide system is one of th_e most si_mplest peptides that
duJ yiuy)=<u can form the reverse turn, which is an important secondary
L structural element in folded proteir$2]. Existing free-
. energy barrier in the system between the reverse turn
V’B[h"(u) th(l, 0<u<D, (folded) conformation and the extenddédnfolded confor-
=l 1 mation is more than about 3 kcal/m&0,30,53, and thus
——=h_(u), u>D, regular MD simulation at low temperature often leads to in-
vD sufficient sampling results within a typical simulation period.
whereh, (u)=[u(¥u/D+1)]"Y2 The exceptional points for The C96 AMBER force field for all atom versids3,54
Q areu=0 andu=D, which are critical values ob); any V35 used, which consists of bond and angle stretch, dihedral
definitions of Qy(0) and Q,(D) must admit discontinuities rotations, and b.Oth the van der Wgals a_nd electrostatic non-
of O at these points. The agreement My between the bonded interactions. We set the dl_electnc_constant to 1 and
theoretical values and the simulation resulise left-hand used no c_utoff for the nonbonded Interactions. An extended
side of Eq.(17) was estimateficlearly shows that indeed the conformation was taken as a molecule’s |n|t|alzstrut_:ture. The
current method does not require a smooth density of states?DE paramfa ter§ were set_ i Z({)=exp(—9§ ) W'th ¢
=10* (g/mol)2 A=*fs? and T=200 K. The simulations of
5X 10’ time steps using\t=0.1 fs were performed by the
programpPRESTO[55,56 with a modification for the current
For protein simulation based on all-atom model, we permethod.
formed a benchmark test using a simple alanine peptide sys- Although an ad hoc manner to set the Tsallis parameter
tem, as applied in fundamental investigatidi7s33,35,50.  values led to success in the 1DW case, a system with a large
We used Ac-Ala-Ala-NMe, which is composed of 32 atoms,phase space requires an intensively suitable manner with
where Ac and NMe are acetyl and N-methyl groups, respecwhich we establish a setting for effective sampling within a
tively. In general, even if a peptide system is small, it can beestricted finite time. We approach such a manner by consid-
complicated, and several interesting phenomena have beening the generation of an adequate parameter sequence to

B. Alanine tripeptide system
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-1
2F

. - - - pe(@)=[1+(q-1)(e+e)/kgT)]P. In view of the energy ex-
rrrrrrrrrrr T=15K 1 pectation, this observation can be supported when, for ex-

. ample, we assume a simple approximate form for the density

of states ad)(e)=r(e-E;,)” for a certainr, ve R [57]. If

we suppose b>v+2>1, then we obtain

<E>EJ deQ(e)pE(e)e/f deQ)(e)pe(e)
Ejnt E

inf
T TS =KeT[1+ (= D)(Eins + &)/KeTla(@) + Eipr, (25
0 100 200 300 400 500 600

E (kcal/mol) where w(q)=[1/(q-1)][(v+21)/(-b-»-2)]>0, showing
that the energy expectation in the Tsallis distribution in-
FIG. 4. (Color online Distribution density of the total energy of creases with respect 6 within a range in which the ap-
the alanine tripeptide system. The results shown are for single Tsabroximation makes sense.
lis distributions at the indicated values of tfieparameter; also Here we introduce one practical method for giving a
shown for comparison are for the BG distributions at 100, 300, anqough theoretical estimate of the reference value for tempera-

In P

1500 K. ture T,. Regarding the BG energy distribution densiyg

>0, assume that IRgg is concave and thaPgg(E;)
build an effective multidistributioriSec. Il B 1), before de- :PBG(EZ) holds for certain energy values Efl< E,. It fol-
scribing the simulation resultSec. 111 B 2. lows from these assumptions tHat< Ega*< E,, whereEga

is the maximum point of IiPgs [58]. Also suppose the con-
. cavity condition for the(single Tsallis energy distribution
The following scheme was used to generate the parametelensity P> 0 associated witliq, e, T). Then, the validity of
sequence. The parametersandq, were fixed for alla, and  p(E,)=P(E,) results inE, < E"*< E,, E™being the maxi-
so each distribution was summed up with the use of a differy,ym point of InP, meaning that the effective support offin
ent value of parametélr,. We usece=¢,=---=¢y=-Uj, @  can cover the major region covered byRp; (e.g., a usual
minus value of a candidate of the infimumdf This setting target is the region covered Hz¢ at room temperatuje
is an easy way to ensure 1g;-1)(U(x)+K(p)+e,)/ksT,  Thus, the parameter value that provid&&,)=P(E,) can be
>0 for all a. A not-so-serious choice df, for this assur- Used as a reference value. Now we can directly show that the
ance may be required in our case, since the terii(py’ relggon F,)(El):P(E%)G; employing P=pe0}/Z" "and Pgg
gives a certain amount of the margin. We estimated thaf e (}/Zgg [here,pg~(e)=exp-pe), 2’ and Zg are nor-
U;,+=—25 kcal/mol, which was the minimum of the potential malization constants, and is the density of statetof any

energy value obtained in the presimulation on a conventiondP™™]: is equivalent to the following:
Boltzmann-Gibbs MD simulation at 50 K. Fay, we em- B B
1- (E; + g)ex EEZ - (E; +e)ex BEl

1. Protocol

ployed the Hansmann-Okamoto strateld@7], which was
previously obtained using a harmonic approximation in en- T=T,=
ergy expectation for a single Tsallis distribution. That is, we kg exp(EE ) _ exr(EE )
setq=0q;=---=quy=1+1/n, wheren is the number of de- b 2 b *

grees of freedom for the system. In fact, we have also found (26)
that this setting easily allows a significantly wide region

sampling, especially in comparison with BG distributions. Using the values fog ande defined at the beginning of Sec.
Thus, this value is expedient for our purpose. To set thdll B1 and puttingb=1/(1-q), Eq. (26) can present the
values ofT,, we previously calculated the singleot mul-  sought-for reference value. In fact, we have obtaiffggd
tiple) distribution defined by(q,e,T,) for severalT,, using =19.9 K through the following choice d&,, E,, and3: we
the TD method27]. The results of the total energy distribu- set 1kg3=300 K; from the simulated results of the BG total
tion are shown in Fig. 4. We can observe that the distributiorenergy distribution a3 we choseE,=(E)gs+0pg (the av-
with T,=15 K and that withT,=60 K have a certain amount erage BG energy plus the standard deviatemd determined
of overlap with each other, and the sum of only these twdE; so thatPgg(E;) =Pgg(E,) holds. Figure 5 shows the simu-
distributions is expected to have a wide covering region. Ac{ation results ofPgg at 300 K and that oP at 19.9 K. The
cordingly, we decided tha¥1=2 with (q;,&4,T1)=(q,&,15 validity of P(E;)=P(E,) was quite good, and the effective

and(0,&,,T2)=(q,¢,60). support of InP sufficiently covers that of IiPgg, indicating
To perform smoothly this protocol for setting the value of the cogency of the present method.
T,, it is convenient to use a certain reference valueTipin Now, unlike the case of the 1DW, the partition function

advance. If we get such a value, we can use the TD to perate cannot be evaluated simply; even when we use for in-
turb T, around this value in order to decide the manner on atance the FEP, it does not completely give the correct an-
summation. This proposal is based on the observation thawer within an actual computation period against a compli-
the “weight” of the Tsallis energy distribution density usually cated systenf59]. From the standpoint stated in Sec. Il B,
shifts toward the high-energy region, as increasingn  however, we do not necessarily need to pursue the accuracy.
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2 ' S Svop . ba with (q,&,Ty); p? was that with(q,e,T,).] In this case, in
b e, | = 1 Tsallis: 7=19.9 K contrast to the 1DW, it is difficult to obtain the exact values
-3 ™ St 5 i
7 . of thg energy dlst(|b_ut|0|_1,.even for the single parameter dis-
af 7 LS 1 tribution, and so it is difficult to obtain an average of the
; \ exact distributions(viz., exact answer for the current
- \ method. However, as shown in R€f30], the TD simulation
for the single distribution must have given results with good
] ' accuracy, if the energy value was in the sufficiently attain-
-7k ? i) ] able range; otherwise, the results is suppressed compared
o / E E with the other when we take their sumote that the current
) 0 20 40 60 method can reach the region where either distribution is at-
E (kcal/mol) tainablg. Hence, their average gives a good estimate of the
theoretical value. Figure 6 shows that this average and the
FIG. 5. Total energy distribution density of the alanine systemresults by the current method were finely approximated. For
for the BG distribution at 300 KPgg, and that for the Tsallis these reasons, we can conclude that(E§) was valid in this
distribution atT=19.9 K; their logarithm values are show®, and  case and that our scheme worked well. Note that, in general,
E, were chosen so th&gg(E;) =Pggs(E,) holds. as system become large, required sampling space region
grows. Thus, the corresponding sufficient simulation time is

Thus, instead of employing the FEP or some elaborateg/%ded to obtain reasonable results. Aside from this issue

method, we here used a very simple relation for the estimat ing commonly among sampling met_hods, In prlnC|pI_e, the
current method would have no peculiar problem against an

(PA(E)IP(E)) (p(E)/pd(E)) = 2°/Z2, (27) increase in the system size. Even though we employ many

o o ) distributions for covering wide region in order to tackle the
V\ghereP is the energy distribution dens{ty produced from jssye for large systems, the computational cost to treat the
pe>0[p%(x, p, &) = pe(E(x, p))pA{)], andP is similar along  opE does not so increases stated in Sec. 11)Bcompared
with P’(E)#0. In a typical case, a poinEy such that ith the cost in the case with a few distributions such as that
P3(Ey) =PP(Eo) may bring a reliable statistical result, since in the present simulation.
both P2 and PP attain relatively high values at the intersec-  \We sought to understand how the difference, between the
tion point E, (take an appropriate criterion whefy is not  current multidistribution and the conventional single distri-
unique; e.g., we chose one having a larger valu®f For  bution, was responsible for the physical results. In Fig. 7, we
these reasons, we evaluated the rate using(EQ. at E  show the BG(both potential and kinetjcenergy distributions

-6F

Distribution Density

=E, in all the following results. at several temperatures, calculated by the current method as
well as by the TD method faig, e, T,) distribution, using the
2. Simulation results reweighting technique. Aside from the low-temperature re-

Figure 6 shows the simulation results of the potential en9ion, single distribution withr=15 led to a not so statisti-
ergy distribution density fOE‘ obtained by the TD method cally satlsfac}ory answer for high temperatures; on_the other
and the distribution for their sum obtained by the current?@nd, that withT=60 gave reasonable results for high tem-

method [We set agvl =2 andczl'ﬁwas the Tsallis density peratures but caused erroneously shrinking results in the
low-temperature region. However, with the multidistribution,

the low-temperature results were consistent with those ob-

.04 e ; . . . ) O
00 ‘ AR ‘ tained by the low-temperature-oriented single distribution
sl - single: 7=15 K with T=15, and the high-temperature results were consistent
0.03F e single: T=60 K | with those by the high-temperature-oriented sint#e60 dis-

F - average tribution. Furthermore, as for kinetic energy distributions, the
00021 —— multiple ] current method showed very good agreement with the theo-
retical valueg30] across the whole temperature range. These

| Re results indicate the superiority of the current method in that

0.01 : . . - .
1 \ _________________ this method yielded statistically reasonable results for physi-
’_;f; . — R s SN cal quantities over a wide range of temperatures, whose

0'0(.)30 0 30 60 90 120 150 180 210 240 range was int_ractabl_e with the single distribution during the

U (kcal/mol) same simulation period.

To compare quantitatively the efficiency of the current

FIG. 6. (Color online Potential energy distribution density of scheme and that of the conventional ones with the above
the alanine system. Dashed and dash-dotted lines are simulatethgle distributions, we measured the number of tunneling
results for the single-Tsallis distribution with(d,e1,T1)  events in the potential energy trajectony, This is defined
=(1.010416 25 kcal/mol, 15 K and that with (gy,&5,T>) as the number of events that go from a certain energy value
=(1.010416 25 kcal/mol, 60 K, respectively. The average of Uy to another valugJ, and bacK60], and it can be under-
these two single distributions is shown by the dotted line. The corstood that the efficiency raises with progressiomgfFirst,
responding simulated results for the multi-Tsallis distribution by theto judge efficiencies using a common attainable energy
current method is given by a solid line. region among these schemes, we sE{=10 and
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0 T T T T T T T 0 T T T T T T T
1 — Reweighted by (1): single T=15K ] 1 I Reweighted by (1): single 7=15 K |
2 '_ISOK Reweighted by (3): multiple 2 '_ISOK Reweighted by (3): multiple h
Sr M3 1500K b
q, 4r a4
£ -5r £ -5r .
6L 6 FIG. 7. (Color onling BG en-
ak 70 ergy distribution densities af
st -8 =150, 300, 900, and 1500 K of the
0 FHHy il ' Pt ) 0 i -+ F-HHHHHRHHH alanine system for potential en-
-1 '_150 K --—- Reweighted by (2): single 7=60 K ] -1E1S0K == Reweighted by (2): single 7=60 K ergy () and kinetic energy(b).
2F A Reweighted by (3): multiple 1 2F b Reweighted by (3): multiple Reweighted results obtained from
. r [Vi\zo0x ] . ; .
3F 900K oo 1 S3riy 900K 500K ] the simulation realizing(1) the
Q, -4r a4 single Tsallis distribution with
ES5EIEN ) L X-BN £ 2 TN | (1,61, T), (2 that with
ol Ny S (0,85, T,), and (3) the current
ol g sl multi-Tsallis distribution. In (a),
'g-' ; AL N N 0 ; I AP VTR upper panel shows the results for
7330 0 30 60 90 120 150 180 210 Ak ~-a---- theory ] (1) and (3); lower for (2) and(3).
(a) U (kcal/mol) af In (b), upper for (1) and (3);
3F middle for (2) and (3); lower the
a4 results for the theoretical values
£ 51 and(3).
-6 i
-7 1
-8 .
-90 3I0 6I0 9|0 1I20 130 1I80 210 240
(b) K (kcal/mol)

Uy =130 kcal/mol. They were set from the reason that the Even so, when an error exists in the simulated values for
U, value was assessed at a representative lower energy valtie sum of distributions, a major reason for the error may
for the high-temperature-oriented single60 Tsallis distri-  come from inaccuracy in th@re)evaluation ofY2. Here it is
bution from the observation th&l =8 kcal/mol for which  pointed out again that our purpose is not to seek an accurate
In P(U)=-9 holds, and likewise that tHg, a representative value of Y2, but to perform an effective broad sampling of
upper value for the low-temperature-oriented singlel5  states using a certain designed density. Nevertheless, for
distribution from InP(138 kcal/mo]=-9; see Fig. . practical purposes, it is useful to examine how the results
TheseU, andUy, values were in dominant energy regions for depend on thé&? value. To do this, we used a fixed value of
the BG distributions at 400 and 1600(Kot shown, respec-  Y? and deviated thér* value from 1; notice that not each
tively. The performance of these schemes were:465 for ~ value, but only the rate betweeY? and Y* has meaning

the current multiple distributiom;=145 and 140 foT=15 [multiplications ofY*—c,Y* andY?— c,Y? are equivalent to

and 60 single distributions, respectively. As expected, th&/*—(ci/c,)Y! and Y2—Y? in the ODE; see Eq(12) or
efficiency of the current method became clearer when wé21)]. Figure 8 shows the results of the potential energy dis-
enlarged the range betweéh, andU, (e.g.,U, =0 nearly tributions. As expected, as th¢' value increased, the con-
corresponds to an average energy of the BG distribution dribution of the(q,e,T,) distribution decreased; conversely,
300 K), as shown in Table I. We can see that the results for
the single distribution depends significantly on the values of
U, andUy, and that the current method maintains relatively 2 multiple: =02

s : : : al multiple: Y'=1.0 ]
good efficiencies for wide range of the tunneling events. 3 — multiple: =50
. . A e single: 7=15K A
TABLE I. The number gf tunneling events for potential energy 5 R — single: T=60 K
trajectory. The event is defined by the events that go from an energy ‘: -5
value Uy to a valueU, and back. The trajectories are derived by 6y
simulations for single Tsallis distribution wifhi=15, 60 K, and for 7
multiple Tsallis distribution defined from the current scheme. 3
Range(kcal/mol)  Single distribution 9 0 8l0 - 150 2;;0 3&0 400
(U Uy T=15K T=60 K Multiple distribution U (kcal/mol)
10 130 145 140 465 FIG. 8. (Color onling The multi-Tsallis potential-energy distri-
0 130 133 21 374 bution density of the alanine system. The partition function rate
10 150 97 122 379 parameteiv? is varied. For comparison, single Tsallis energy distri-

butions atT=15 and 60 K are shown.
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J

|

=
IS
=)
=

w
(=
(=4

U (kcal/mol)
[\*)
S
=3

—
(=3
(=]

T 0.10 ‘ ‘
0.08 - .
IHEREE - single: 7=15 K
‘ 0.06 H I single: T=60 K |
e -~ BG: T=300K
| 0.04 = average i
0r J‘ —— multiple
(b) 400 ——t 002k . |
300+ i :
0.00 i | S
200} 3000 30 60 90 120 150
D U (kcal/mol)
100 [ A%
M J WW FIG. 10. (Color onling Potential energy distribution density of
© 403 : the alanine system. Dashed, dash-dotted, double-dash-dotted lines
‘ ‘ \” are simulated results for the single Tsallis distributionTatl5 K
300 m ‘ M and that at 60 K, and the results for the BG distribution at 300 K,
‘ respectively. The average of these three single distributions is
> 200 shown by the dotted line. The corresponding simulated results for
1000 the multi-Tsallis distribution combining these three by the current
method is shown by the solid line.
0
(d)400 t

different from those obtained by the dynamics in realizing
300 1 each single Tsallis distribution, as exhibited in Fig&l)%nd
9(e) at T=15 and 60 K, respectively. The trajectories for the
current method consist of two parts: the higher-energy part
mainly comes from the contribution of thg, e, T,) distribu-
ol tion, and the lower-energy part from that @f,s,T;). The

|

I

-, 200
100

(€)400 sojourn time in each part varied with the change in ¥te

\
| ‘ (1] H‘\ } [ HH ” | ‘ ‘ Il value, in a manner such as that expected from the energy
300 distribution results shown in Fig. 8. In any case, the jump
“

o 2001 between the two parts, or tliex)change of the region related

to each parameter value, occurred automatically. Since an
accurate value o¥? is not necessarily obtained, this param-
eter may resemble the uncertain parameter that determines

100

0 L : .
. . the exchange timing employed in the conventional method
0.0 05 1.0 L5 20 with a dynamic view. However, it should be noticed tiat
Time (ns) has a completely different meaning from that of the uncertain

) , , ) parameter, in tha¥? is not an arbitrarily parameter but has
_ FIG. 9. (Color onling Potential energy trajectories for the ala- 5, oyact value and thus allows us to use its approximation.
e S, Shed o e A Sarics o 1,71 As an extension of ur method, e can add mor dit-
P P butions. For example, the BG distribution at 300 K was

and 60 K, where the partition function raté' was set as 1.0a), e
0.2 (b), and 5.0(c). The trajectory obtained from the dynamics for added_ to the S“r.“ of the above two dlstrlbutlo_ns from_the
following viewpoint. Suppose that we need information

the single Tsallis distribution is shown foF=15K (d) and T ] .
—60 K (%)_ @ about the energy region corresponding to the 300 K range.

Since the targeted region determined from the complicated
that of (q,e,T,) distribution increased. It should be noted energy surface is generally disconnected in the phase space,
that in every case, a remarkably wide sampling in the energ} access a new relevant area will requirelower-energy
space was performed, compared with the case with the B@gion sampling(to explorg and (ii) higher-energy region
and Tsallis distributions. Even if an accurat@ is not at- Sampling(to escapk Thus, as we can see by the example in
tained, such a broad region sampling, which cannot be easilyi9- 7. this sampling scheme will be performed effectively
achieved when only a single distribution is considered, is thé€nce we realize the proposed distribution, i.e., the suprof
most important consequence of this method. YAalepen-  the Tsallis distribution density wittg, s, Ty) for (i), p*: that
dence is discussed also below. with (q,S,Tz) for (II), and p31 the added BG distribution

Another characteristic of the current method’s results isdensity at 300 Kor that withgs=1, anye;, andT;=300. As
the natural appearance of the orbit transition among distincghown in Fig. 4, there is a major overlap betwgérand p
energy regions. Figure(8 shows the potential energy tra- and betweenp® and p®, so that[putting c=1 and per-
jectory obtained by the current method witA=1. Figures muting M={1,2,3 by ¢=(223] we additionally calculated
9(b) and 9c) also show those against the devia¥dvalues  Y® using Eq.(27). Figure 10 shows the potential energy dis-
with Y2 fixed as above. Their behaviors were intrinsically tribution densities related to this summation. The results of
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0.20 . - ' ' included both the low-energy region covered by thes, T,)
@hsox Y'=0.2 distribution and the high-energy region by ttw e, T,) dis-
0.151L Y210 tribution, in addition to the BG energy region. Concerning
777777 Y'=5.0 the Y2 value dependence, we performed simulations using
. 1 A S
N g 00K several valugs of* corresponding tdq,e,T,) algo in this
0.10 case(the major overlap was seen through. In Fig. 11 we
show the reweighted results of the BG potential energy dis-
0.05F 900K tributio_ns_at _several temperatures as well as th_e kinetic en-
ergy distributions. As shown through the small discrepancies
among the distributions for distinct® values, the results
o 0009T ! ’ ! ] were consistent with each other, indicating that such impor-
£ 0.002 ljf L300 HOE tant physical variable samplings were irrelevant to the exact
& 0.000 -~ y== \Va adjustment of the value of2.
< :g‘ggi : P(Y'=0.2) - P(Y'=1.0) ]
g 0.004 KB(\ '900K ' ] IV. CONCLUSION
2 g'ggg 1SOKI 300K N ] We have proposed a deterministic sampling scheme for
£ 0002k | N effectual performance in continuous systems, and we have
1:‘-0.004 N P(Y'=5.0) - P(Y'=1.0)] investigated the fundamental aspects of the scheme in detalil.
25 0 25 50 75 100 The expectation of a function is given by the average of each
U (kcal/mol) expectation for multiple arbitrarily given distributions, which
also is the realizing probability for an arbitrary subset in the
0.20 e ' ' ' phase space. This addresses a static feature for realizing mul-
O sk Y'=0.2 tiple distributions and enables us to cover a wide space re-
0.15[ Y10 - gion. Using the one-dimensional double-well potential
777777 Y'=5.0 model, we have shown that our method works exactly and
N 200K ' indeed permits discontinuity of the density of states. Some
0.107 techniques proposed here have been devoted to sampling
well in realistic systems, freeing us from the need for de-
0.05[ 900K ] tailed tuning of the parameter value for a targeted single
distribution, especially for a Tsallis distribution. A method
_/\ for constructing a suitable parameter sequence to build an
N 0 B89 L ! i 1 effective multi-Tsallis distribution was proposed by consid-
g 0.002 !‘Oié 0K 0‘:\ ering the reference temperature and the temperature depen-
g g-ggg ~ dence of the Tsallis distribution. We confirmed these in the
'-5:0:004_ P(Y'=0.2) - P(Y'=1.0)] alam_ne tripeptide system. The potgntlal energy trajectories
0.004 5 | = : obtained from the current method differed intrinsically from
8 0.002L 150K 900K ] each trajectory derived from a single distribution, but they
=] 300K . L. .
& 0.000 VA#/ A involved each characteristic. The static feature of the method
£-0.002 creates the automatic trajectory jump among the dominant
0004} _ PYE50)- AY=10)] phase-space regions, inducing a nonparametrical scheme
0 25 50 75 100 125 with respect to the region exchange. We have also investi-
K (keal/mol) gated the dependence of simulated issues on the value of the

partition function rate, whose adhibition is required, and con-
firmed the irrelevance of the value to the important physical
results. Finally, we have presented the composition method

FIG. 11. (Color online BG energy distribution densities at
=150, 300, and 900 K for the alanine systef@: Reweighted re-

sults of potential energy obtained from the simulation realizing mul- . . T S
tidistribution composed of the Tsallis distribution at 15 K, that at GOdea'Ing with both the BG distribution, which is targeted as

K, and the BG distribution at 300 K, using the indicatébivalues ~ cONCeM, and the Tsallis distributions, which are applied in

(top). The difference of the results for'=0.2 (middle) [Y'=5.0 order to bring a twofold energy bias.

ottom] from that fory*=1. ose for the kinetic energy.
(bottom] fi hat forY'=1. (b) Those for the kineti
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