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We present a molecular-dynamics sampling scheme in which any summation of multiple arbitrarily given
distributions can be realized deterministically by a certain theoretical guide. Our scheme thus provides a static
view of the composition of the distributions, rather than a dynamic view in which some parameter is switched
at a certain time in the simulation process. The proposed method induces the orbit to jump automatically
among different phase space regions, without the use of any artificial timing parameter. In addition, the
proposed method does not require an assumption that the density of states is smooth. We applied it to multiple
Tsallis distributions and established a suitable series of parameter values for which the sum of the distributions
allows broad sampling. Numerical simulations applied to fundamental models with multi-Tsallis distributions
showed efficient sampling, characterized by an energy trajectory that was totally different from that associated
with each single distribution.
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I. INTRODUCTION

For a computer simulation to obtain accurate expected
values of objective functions, efficient sampling of states in a
given distribution is a crucial task. The Boltzmann-Gibbs
sBGd distribution is a typically valuable one in physical is-
sues such as diffusion process in meltsf1g, glass-forming
liquids f2g, and structural transitions in biomoleculesf3g. To
investigate these issues in many realistic continuous systems,
molecular dynamicssMDd has provided sampling methods
for the BG distributionf4,5g. However, the conventional
method has often faced a local trap problem at low tempera-
tures, especially in systems with complicated energy sur-
faces.

Replica exchange molecular dynamicssREMDd f6,7g and
multicanonical molecular dynamicssMCMDd f8–11g have
been proven effective at tackling this problemf12g. The
REMD produces a product distribution of several BG distri-
butions at distinct temperatures in extended space, exchang-
ing the temperaturesor stated for each “replica” according to
a certain timing, using appropriate criteria. This process pro-
vides a dynamic view in the sense that each “replica” expe-
riences various temperature environments in one simulation.
This method has been applied to many problems, including
the folding problem in proteinsf13,14g, and its effectiveness
has been demonstrated. Regarding the exchange process
characterizing a key feature in the method, it is noticed that
the parameter describing this timing as stated above is arti-
ficial. A theoretical evaluation of the suitable value of this
timing would be desirable because there is a case that the
choice of the value has a non-negligible effect on the finite-
time simulation resultsf15g. On the other hand, MCMD pro-
vides a static view in which a realization of a certain distri-
bution, defined by a reciprocal of the density of statesV for
the potential energy of a given system, is designed to guide a
random walk in the potential energy space. MCMD has been
applied extensively, e.g., in studies of peptide secondary
structuresf16g, flexible ligand docking to a receptorf17g,
protein loop modelingf18g, conformational transition states

of peptidesf19g, and force field evaluationf20g. However,
determining the distribution weight is not a trivial matter;
such determination is often done by using appropriate func-
tions and parameter setssdatad that reflect the required infor-
mation onV. In addition, from a purely mathematical view,
it is not generally plausible to assume that theV required in
the formulation is smooth. Recently, MD using the Tsallis
statisticsf21,22g has been developed and applied to chemical
systemsf23–25g. The Tsallis distribution, an extension of the
BG distribution by one parameterq, can be realized by a
certain ordinary differential equationsODEd f26–28g. In our
previous work, we proposed Tsallis dynamicssTDd f27g and
declared that TD gives accurate results effectively in peptide
systems and in stiff systems for which conventional method
often failed in generating effectually the correct BG distribu-
tions f29,30g. When we used this equation as a sampling
tool, however, we encountered a problem in determining
which parameter valuessincluding that ofqd would provide
the most efficient results. On the other hand, a common ad-
vantage of these methods is that they can provide BG distri-
bution at any temperature by a reweighting techniquef31g,
as long as they present certain defined distributions.

Now, as stated above, a common issue in developing these
methods is how to determine effective values of the required
parameters. A direct solution to this is to construct a protocol
to find the best candidate values in each original method.
These lines of investigation have been explored previously,
e.g., Refs.f32,33g. Another approach is to develop a sam-
pling method having no parameters or a method containing
parameters obtained either with less effort or by a certain
theoretical guide. In this paper, we consider a new sampling
technique in MD that takes the latter approach. Notice that,
due to the change in the parameter value, the covering region
in the phase spacesthe covering of the potential-energy
space is particularly targetedd obtained in a finite-time simu-
lation is usually, and sometimes drastically, varied even
when the change is subtlef34g. Thus, if we have to choose
one value for the parameter, we are obligated to very precise
setting. However, if we can realize a distribution that is a

PHYSICAL REVIEW E 71, 046708s2005d

1539-3755/2005/71s4d/046708s13d/$23.00 ©2005 The American Physical Society046708-1



summation of each distribution described by a distinct pa-
rameter value, we will be free from such a choice, and a
broader region can be covered. Our strategy here is not to
choose one distribution, but to gather the distributions to-
gether. This can succeed when the overlap of each distribu-
tion is not very small. In fact, when the distributions are
associated with the parameter values of a certain fixed dis-
tribution, we should establish a suitable series of values for
which the sum of these distributions makes for good sam-
pling.

To keep a sufficient overlap of each distribution the Tsal-
lis distributions are usefulf35g, since they have broad distri-
butions. The value of the Tsallis distribution withq.1 ex-
hibits slow decay with an increase in a system energy,
compared with the exponential decline for the BG distribu-
tion. In general, the fundamental role of the Tsallis distribu-
tion for use in the sampling is to utilize this feature. First,
this probability distribution feature enables the system gov-
erned by this distribution to escape more effectively from
traps in a local region surrounded by high-energy walls. For
example, the sampling behavior under use of the Tsallis dis-
tribution with 1øqø3 in low-dimensional potential energy
systems have been discussed in detailf23,27,29,30g, indicat-
ing that the distribution withq.1 provides faster sampling
speed than that for the BG distributionsi.e.,q=1d, and thus it
brings a more statistically stable distribution. However, as
discussed above, the problem due to the use of only one
Tsallis distribution is that the total sampling behavior often
depends strongly on the choice of the values of the Tsallis
distribution parameters. Nevertheless, the slow decay feature
for the distribution is again helpful in order to carry out the
above plan by gathering the Tsallis distributions, because the
feature can be used to establish desired sufficient overlaps
among mutual distribution, as demonstrated above. For these
reasons, we attempt to use multiple Tsallis distributionsid for
conducting further effective escape from local traps andsii d
for smoothly realizing the strategy of gathering distributions.

We propose a deterministic scheme to realize a summa-
tion of arbitrary distributions under an ergodic assumption.
To achieve this, we use density dynamicsf27g, which has
been developed to realize any density function on the basis
of the Nosé-Hoover methodf36,37g. In contrast to REMD,
our scheme employs a static view of the composition of dis-
tributions. Thus, in the present scheme, a jump toward a
distinct phase space region dominant in each distribution oc-
curs automatically without any change in system parameter
values according to a certain periodical timing, implying that
this method is free from the artifacts that depend on the
choice of such a timing. Furthermore, an increase in the
number of treated distributions does not indicate growth in
the corresponding computational resources. Since the density
of statesV is not directly handled in this method, an assump-
tion thatV is smooth is not required. Of course, this method
enables us to reweight the original distribution into any ex-
plicitly given distributions, because the original distribution
is described definitely.

In Sec. II, we review the density dynamics and present an
equation for realizing a summation of multiple arbitrarily
given distributions. To illustrate our method, we performed
numerical simulations for “multi-Tsallis” distributions. In

Sec. III A a one-dimensional problem is treated, allowing a
rigorous inspection of our method. In Sec. III B we apply our
method to an alanine peptide system and discuss several re-
alistic techniques for summing up Tsallis distributions. Our
results are summarized in Sec. IV.

II. METHOD

A. Density dynamics

Let us briefly review density dynamicsf27g. Consider a
targeted arbitrary density functionr sthat is smooth, positive,
and integrabled defined on a domainG in RN. Density dy-
namics defines an ODE inG , v̇=Xsvd, which has an invari-
ant densityr with respect to Lebesgue measuredv on RN.
On the basis of the Nosé-Hoover methodf36,37g, we em-
ployed the following ODE withN;2n+1:

ẋi = Dpi
Qsvd, i = 1,…,n,

ṗi = − Dxi
Qsvd − DzQsvdpi, i = 1,…,n, s1d

ż = o
j=1

n

Dpj
Qsvdpj − nT,

whereQ;−T ln r :G→R; Dxi
Qsvd , Dpi

Qsvd, andDzQsvd
denote the partial derivatives ofQ at pointv;sx,p,zd with
respect toxi , pi , si =1,… ,nd and z, respectively. Here, as
pointed out in Ref.f27g, we have multipliedX by a factorT
having an energy dimension to set each variable’s dimension
as a physically natural one:xi is a coordinate andpi a mo-
mentum.

Under the assumption thatX is complete, it is shown that,
by Birkhoff’s individual ergodic theorem, a time average of
any functionf sassume, also below, e.g., a Borel measurable
function on G with eGufrudv, +`d has a long-time limit
value forsrdvd almost every initial point. Further, if the flow
is ergodic with respect to measurerdv,

lim
t→`

1

t
E

0

t

f„vstd…dt =E
G

fsvdrsvddvYE
G

rsvddv s2d

holds almost everywhere. Substitution off ;xA, the charac-
teristic function for an areaA,G, gives the interpretation
that the probability density for the realization of pointv is
proportional to the given valuersvd.

B. Realization of summation of arbitrary densities

We apply Eq.s1d to realize a summation ofM arbitrary
densities. Letra:G→R , a=1,… ,M, be the density func-
tions that will be summed up. Since a physical system is
usually represented by potential energyUsxd and kinetic en-
ergy Kspd flet U be a smooth function on a domainV,Rn

andKspd; 1
2ipi2g, we here take the form

rasx,p,zd ; rP
a
„Usxd,Kspd…rzszd, s3d

where rP
a and rz are smooth, positive functions on certain

sets inR2 andR, respectively. A summation of the densities
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rsvd ; o
a=1

M

rasx,p,zd, s4d

where we setv=sx,p,zdPG;V3Rn3R, can be realized
in the sense stated in Sec. II A when we substitute Eq.s4d
into Eq. s1d, this substitution yielding

ẋi = t2sx,pdpi, i = 1,…,n, s5d

ṗi = − t1sx,pdDiUsxd − t3szdpi, i = 1,…,n, s6d

ż = t2sx,pdipi2 − nT, s7d

where

tasx,pd ; − TDaFlno
a=1

M

rP
aG„Usxd,Kspd…

= − T

o
a=1

M

DarP
a
„Usxd,Kspd…

o
a=1

M

rP
a
„Usxd,Kspd…

, a = 1,2, s8d

t3szd ; − TD ln rzszd. s9d

Here,Dafsu,kd is the partial derivative of functionf at point
su,kd with respect to thea s1 or 2dth component, viz.,u or k,
and D ln rzszd is the derivative of lnrz at z. First, we note
that this equation requires nearly the same computational
cost as the conventional MD equations do. In a typical MD
simulation, most of the time is consumed in calculatingUsxd
and DiUsxd. Once we get theUsxd value, the summation
appearing in Eq.s8d, even for a largeM, takes much less
computational overhead than that ofUsxd, as long as the cost
of calculating the values for the two-variable functionsrP

a

andDarP
a is low sas it usually isd. Moreover, the ODE does

not need the derivative of the density of states, so that an
assumption of the smoothness is not requisite in our method.

We should often consider cases where eachra is normal-
ized. That is, we have to treat

r ; o
a=1

M

ra s10d

with ra;ra/Za, whereZa;eGrasvddv sa=1,… ,Md. How-
ever, calculating an absolute value of the partition function
Za is, in general, very hard. To make it easier, we use

r̃ ; o
a=1

M

ra/Ya = Zcr, s11d

in place of Eq.s10d, whereYa;Za/Zc, c being an arbitrary
fixed value inM;h1,… ,Mj fwe can weaken the assump-
tion that Za,` for all aPM; then componenta with Za

=` just makes no contribution to the sum or the ODE, pro-
vided thatZc,`; see Eq.s12d belowg. The value ofYa can
be calculated or estimated as described below. The resulting
change in Eqs.s5d–s9d is only in Eq.s8d, given by

tasx,pd = − T

o
a=1

M

DarP
a
„Usxd,Kspd…/Ya

o
a=1

M

rP
a
„Usxd,Kspd…/Ya

, a = 1,2, s12d

and from the assumptions of the ergodicity forr̃ f38g and the
completeness we have

lim
t→`

1

t
E

0

t

f„vstd…dt s13d

=E
G

f r̃dvYE
G

r̃dv s14d

=E
G

frdvYE
G

rdv ; kfl, s15d

as in Eq. s2d. So we get the required results denoted by
objective densityr of Eq. s10d. It should be noted that the
expectation valuekfl becomes an average of each of the
corresponding expectationskfla;eGfradv /Za,

kfl =
1

M
o
a=1

M

kfla, s16d

as is clear fromeGfrdv=eGdvoa=1
M fra/Za=oa=1

M kfla and Z
;eGrdv=oa=1

M k1la=M. Likewise, by putting f ;xA, the
probability for realizing areaA,G , PsAd;eArdv /eGrdv,
is an average of each of the corresponding probabilities
PasAd;eAradv /Za. Namely, we have derived the averaged
sor summed, up to the normalizationd measure from each
probability measuresfor Borel sets inGd Pa.

A practical way to calculateYa is to proceed as follows.
sid Rearrange givenr1, r2,… , rM, using a permutation
s :M=h1,… ,Mj→M, such that the overlap between

rs−1sa8d and rs−1sa8+1d is sufficient for all a8=1,… ,M −1.
sii d Estimate the rate of partition functions for each neighbor-
ing pair, resulting in, for example,c=1 with

Ys−1sa8d =5 p
j=ss1d+1

a8

Zs−1s jd/Zs−1s j−1d
¯ a8 . ss1d,

1 ¯ a8 = ss1d,

p
j=a8+1

ss1d

Zs−1s j−1d/Zs−1s jd
¯ a8 , ss1d 6

for a8PM. These partition function rates can be estimated
by the free-energy perturbationsFEPd method f39g or the
thermodynamic integration methodf40g or by advanced ap-
proachesf41g based on them.

However, it remains difficult to achieve accurate values
for partition function rates in actual complicated systems.
Here, it should be emphasized that our final goal is not to
obtain accurate values ofYas, but to generate an appropriate
combination of each distribution such that an effective sam-
pling of states is achieved. In other words, anyhYajaPM
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defines a certain densitysthus permitting reweightingd in
principle and so is sufficient whenever we have good sam-
pling as a result of this methodsviz., to obtain accuratehYaj
is not a necessary condition but a sufficient condition to
achieve good sampling, as long as we assume thatr
=oa=1

M ra/Za causes such a samplingd. For this reason, in Sec.
III we study the dependence of the results on the value ofYa

in numerical simulations.
Potential function distribution is an often targeted matter.

It is thus useful to know how the potential distribution for the
current sum of the given densitiesr1,… ,rM is represented
by that for eachra. Let hTt :G→G u tPRj be the flow gener-
ated by Eqs.s5d–s7d, s9d, and s12d. Under the ergodic as-
sumption with suitable additional mathematical conditions,
we can show that the probability distribution density of po-
tential function,PU, at a pointu is represented by

PUsud ; lim
uI u→0

lim
t→`

1

t
E

0

t

xU−1sId + p1 + Ttsvddt

uI u

= lim
uI u→0

1

uI uEG

xU−1sIdsxdrsvddv/Z

= o
a=1

M

ra,1sudVUsud/M , s17d

almost surely, whereI ,R is a bin associated tou f42g, p1 is
a projection:v°x, xU−1sIdsxd takes 1f0g if UsxdP I fother-
wiseg, ra,1(Usxd);eRn+1rasx,p,zddpdz, and VU is the den-
sity of states forU. For the potential function distributions
for ra, we now assume similar conditions, so each flow
hTt

au tPRj fwhich can be constructed by puttingM;hajg
having an invariant densityra is ergodic with respect to
radv for aPM. Then, we also have

PU
a sud ; lim

uI u→0

lim
t→`

1

t
E

0

t

xU−1sId + p1 + Tt
asvddt

uI u
= ra,1sudVUsud.

s18d

Hence we get

PUsud =
1

M
o
a=1

M

PU
a sud, s19d

showing that the probability density forU taking a value ofu
with respect tohTtj is given by the average of the corre-
sponding densities with respect tohTt

1j ,… ,hTt
Mj.

C. Dynamics for multi-Tsallis distribution

As is often observed through a long tail in energy distri-
bution sespecially on the high-energy sided f34g, effective
support of the Tsallis distribution withq.1 is broad com-
pared with that of the BG distribution. This characteristic is
convenient for making overlaps among the distributions so
as to evaluateYa safely, as discussed in Sec. II B. Therefore

we consider a dynamics that realizes a summation of Tsallis
distributions, which we have called multi-Tsallis distribution.

One manner for conducting this is to use the form of

rE
ased ; f1 + aase+ «adgba, s20d

by recasting it asrP
a(Usxd ,Kspd);rE

a(Esx,pd) with Esx,pd
;Usxd+Kspd in Eq. s3d, which results in an ODE defined by
Eqs.s5d–s7d and s9d, and

t1sx,pd = t2sx,pd = − T

o
a=1

M

DrE
a
„Esx,pd…/Ya

o
a=1

M

rE
a
„Esx,pd…/Ya

. s21d

That is, we can realize the multi-Tsallis distribution denoted
by the densitysup to the normalization constantd

o
a=1

M

rP
a
„Usxd,Kspd…/Z8a = o

a=1

M

f1 + aa„Esx,pd + «a…gba/Z8a,

s22d

whereZ8a;eG8rP
a(Usxd ,Kspd)dxdp, noting that

E
G

Osx,pdrsvddv/Z

=E
G8

Osx,pdo
a=1

M

rP
a
„Usxd,Kspd…/Z8adxdpY

E
G8

o
a=1

M

rP
a
„Usxd,Kspd…/Z8adxdp

holds for O:G8;V3Rn→R with eGuOrudv, +`. Here,
our main concern is foraa;sqa−1d /Ta and ba;1/s1−qad
fwhile this form was used in the following numerical simu-
lations, ba;qa/ s1−qad can also be consideredf43gg sa
PMd; qa is the Tsallis indexswe setqa.1d, Ta.0 is the
temperature parameter, and«a is a shift parameter so that we
should ensure 1+aase+«ad.0 for accessiblee values in or-
der to define Eq.s20d well f22,44,45g. In Sec. III, by the
formulation described so far, we examine a realization of the
distribution of Eq.s22d. Note that a choice ofM ;1 means a
single Tsallis distribution and also reduces the ODE defined
by Eqs.s5d–s7d, s9d, s20d, and s21d fwith a1;sq−1d /T, «1

;0, and b1;q/ s1−qdg to the TD equationf27,29g. The
present equation is hence an extension of the TD.

Another density with which we employ the Tsallis form
may be

rP
asu,kd ; f1 + aasu + «adgbaexps− bakd. s23d

This splitting form for U and K denotes that the potential
energy obeys the Tsallis distribution while the kinetic energy
obeys the BG distribution at temperature 1/ba. It should be
noted that the temperature 1/ba can take a different value for
eacha, suggesting a scheme encouraging an efficient sam-
pling: for a such that the potential energy covering region
(governed byf1+aasu+«adgba) is mainly located in a lower
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energy side, we can use a high 1/ba to induce large fluctua-
tions for escaping traps.

III. NUMERICAL SIMULATION

We investigate the realization of the multi-distribution de-
fined by Eq.s22d via Eqs.s5d–s7d, s9d, s20d, ands21d through
numerical simulations with the use of the fourth-order
Runge-Kutta integration method. Section III A treats a low-
dimensional system to compare the results obtained from our
scheme with the exact values. Section III B treats a peptide
molecule system and demonstrates several technical issues
involved in the realistic effective sampling.

A. One-dimensional double-well potential model

A model system of a one-dimensional double-wells1DWd
potential

Usxd = Dsx2 − 1d2 s24d

was applied. Despite the simplicity of the form, this potential
thrusts the conventional MD simulation into local traps and
often leads to a failure to correctly sample the states of the
systemf46,47g, and yet its density of states is not smooth.

All variables were treated as dimensionless, and the fol-
lowing simulation conditions were used. The barrier height
of the potential wasD=5; t3szd=500z was used for the den-
sity for z along with the scaling factor ofT=10; and the total
time steps and the unit stepDt were 108 and 5310−4, respec-
tively. Initial values for the ODE werexs0d=0, ps0d=1, and
zs0d=0.

We here exhibit the results of two kinds of summation of
Tsallis distributions for this system. First, we show the sum
using two different values for the Tsallis index and the same
values for the temperature parameterfEq. s22d with M =2g:
q1=1.5, q2=2; T1=T2=1. Note that we chose the values in
that Z1, Z2,`; and we set«1=«2=0 becauseUù0 is ex-
plicitly ensured. The partition function rate was obtained in a
straightforward manner from

Za =E
R3

f1 + aa„Kspd + Usxd + «a…gbarzszddxdpdz

= fgGs− ba − 1/2d /ÎaaGs− badg
3E

R
f1 + aa„Usxd + «a…gba+1/2dx

svalid for n=1, V=R , −ba.1/2, andU.−1/aa−«ad with
its evaluation, whereg is a constant irrelevant toa and
Gs·d is the gamma function. Figure 1 shows the distribution
density of coordinatex, f1, and that of momentump, f2. To
understand the situation well, we draw an exact density for
the single Tsallis distribution withq=1.5, T=1 and that with
q=2, T=1; the latter is flatter than the former, driven by the
larger q effect f23g. For the multi-Tsallis distributionfEq.
s22dg, its exactf1ff2g is shown to be equal to the average of
above each exactf1ff2g, as indicated in the figure. We show
the simulation results obtained by the current method for this

multidistribution and its very good agreement with the exact
values.

Second, Fig. 2 presents the sum obtained from the use of
different values for the temperature parameter and the same
values for the Tsallis index:q1=q2=1.5; T1=1, T2=10.
Again, the simulation results for this multidistribution agreed
quite well with the theoretical values. We also varied the
coefficient for the “friction” relevant term in Eq.s6d, which
has often been discussed in the Nosé-Hoover equation type
f48,49g, as t3szd /z=20, 50, 100, 200, 500, and 1000, and
obtained similar results. Consequently, these results confirm
that the current method provides accurate multidistributions
that were constituted in different manners using distinct
parameter-set values.

To confirm Eq.s17d directly, we examined the potential
energy distribution densityPUsud, as depicted in Fig. 3.
Here, the theoretical value in this case is represented by
s1/Mdoa=1

M ra,1sudVUsud for uP s0,Ddø sD ,`d with

ra,1sud = f1 + su + «adsqa − 1d/Tag1/s1−qad+1/2/Z̃a,

where Z̃a;eRf1+(Usxd+«a)sqa−1d /Tag1/s1−qad+1/2dx=e0
`f1

+su+«adsqa−1d /Tag1/s1−qad+1/2VUsuddu is a normalization
constant, and

FIG. 1. sColor onlined Distribution density of coordinatex sad
and momentump sbd for 1DW. The theoretical values for single
Tsallis distribution withq=1.5, T=1 and that withq=2, T=1 are
indicated by dashed and dash-dotted lines, respectively. Theoretical
values and simulated resultssthe bin sizes of the histograms were
0.02d for the multi-Tsallis distribution defined by the sum of these
two distributions are shown by dotted and solid lines, respectively.
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VUsud ;
d

du
E

hyuUsydøuj
dx

=5
1

2ÎD
fh+sud + h−sudg, 0 , u , D,

1

2ÎD
h−sud, u . D, 6

whereh±sud;fus7Îu/D+1dg−1/2. The exceptional points for
VU are u=0 andu=D, which are critical values ofU; any
definitions ofVUs0d and VUsDd must admit discontinuities
of VU at these points. The agreement inPU between the
theoretical values and the simulation resultsfthe left-hand
side of Eq.s17d was estimatedg clearly shows that indeed the
current method does not require a smooth density of states.

B. Alanine tripeptide system

For protein simulation based on all-atom model, we per-
formed a benchmark test using a simple alanine peptide sys-
tem, as applied in fundamental investigationsf7,33,35,50g.
We used Ac-Ala-Ala-NMe, which is composed of 32 atoms,
where Ac and NMe are acetyl and N-methyl groups, respec-
tively. In general, even if a peptide system is small, it can be
complicated, and several interesting phenomena have been

observed: for instance, the energy landscape often possess
many local minima due to the complicated feature of the
interactions, and from an experiment interesting kinetic con-
formational isomerization has been indicatedf51g. Alanine
tripeptide system is one of the most simplest peptides that
can form the reverse turn, which is an important secondary
structural element in folded proteinsf52g. Existing free-
energy barrier in the system between the reverse turn
sfoldedd conformation and the extendedsunfoldedd confor-
mation is more than about 3 kcal/molf20,30,52g, and thus
regular MD simulation at low temperature often leads to in-
sufficient sampling results within a typical simulation period.

The C96 AMBER force field for all atom versionf53,54g
was used, which consists of bond and angle stretch, dihedral
rotations, and both the van der Waals and electrostatic non-
bonded interactions. We set the dielectric constant to 1 and
used no cutoff for the nonbonded interactions. An extended
conformation was taken as a molecule’s initial structure. The
ODE parameters were set torzszd;exps−cz2d with c
=104 sg/mold−2 Å−4 fs2 and T=200 K. The simulations of
53107 time steps usingDt=0.1 fs were performed by the
programPRESTOf55,56g with a modification for the current
method.

Although an ad hoc manner to set the Tsallis parameter
values led to success in the 1DW case, a system with a large
phase space requires an intensively suitable manner with
which we establish a setting for effective sampling within a
restricted finite time. We approach such a manner by consid-
ering the generation of an adequate parameter sequence to

FIG. 2. sColor onlined Distribution density of coordinatex sad
and momentump sbd for 1DW. The theoretical value for single
Tsallis distribution withq=1.5, T=1 and that withq=1.5, T=10
are indicated by dashed and dash-dotted lines, respectively. Theo-
retical values and simulated resultssthe bin sizes of the histograms
were 0.02d for the multi-Tsallis distribution defined by the sum of
these two distributions are shown by dotted and solid lines,
respectively.

FIG. 3. sColor onlined Distribution density of potential energy
for 1DW for the multi-Tsallis distribution defined bysad q1

=1.5, q2=2; T1=T2=1 and sbd q1=q2=1.5; T1=1, T2=10. Solid
and dotted lines indicate the simulated valuesthe bin sizes of the
histograms were 0.01d and the theoretical value, respectively.
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build an effective multidistributionsSec. III B 1d, before de-
scribing the simulation resultssSec. III B 2d.

1. Protocol

The following scheme was used to generate the parameter
sequence. The parameters«a andqa were fixed for alla, and
so each distribution was summed up with the use of a differ-

ent value of parameterTa. We used«;«1=¯ =«M =−Ũinf, a
minus value of a candidate of the infimum ofU. This setting
is an easy way to ensure 1+sqa−1d(Usxd+Kspd+«a) /kBTa

.0 for all a. A not-so-serious choice ofŨinf for this assur-
ance may be required in our case, since the term “+Kspd”
gives a certain amount of the margin. We estimated that

Ũinf =−25 kcal/mol, which was the minimum of the potential
energy value obtained in the presimulation on a conventional
Boltzmann-Gibbs MD simulation at 50 K. Forq, we em-
ployed the Hansmann-Okamoto strategyf57g, which was
previously obtained using a harmonic approximation in en-
ergy expectation for a single Tsallis distribution. That is, we
set q;q1=¯ =qM =1+1/n, wheren is the number of de-
grees of freedom for the system. In fact, we have also found
that this setting easily allows a significantly wide region
sampling, especially in comparison with BG distributions.
Thus, this value is expedient for our purpose. To set the
values ofTa, we previously calculated the singlesnot mul-
tipled distribution defined bysq,« ,Tad for severalTa, using
the TD methodf27g. The results of the total energy distribu-
tion are shown in Fig. 4. We can observe that the distribution
with Ta=15 K and that withTa=60 K have a certain amount
of overlap with each other, and the sum of only these two
distributions is expected to have a wide covering region. Ac-
cordingly, we decided thatM =2 with sq1,«1,T1d=sq,« ,15d
and sq2,«2,T2d=sq,« ,60d.

To perform smoothly this protocol for setting the value of
Ta, it is convenient to use a certain reference value forTa in
advance. If we get such a value, we can use the TD to per-
turb Ta around this value in order to decide the manner on a
summation. This proposal is based on the observation that
the “weight” of the Tsallis energy distribution density usually
shifts toward the high-energy region, as increasingT in

rEsed;f1+sq−1dse+«d /kBTdgb. In view of the energy ex-
pectation, this observation can be supported when, for ex-
ample, we assume a simple approximate form for the density
of states asVsed=rse−Einfdn for a certainr , nPR f57g. If
we suppose −b.n+2.1, then we obtain

kEl ; E
Einf

`

deVsedrEsedeYE
Einf

`

deVsedrEsed

= kBTf1 + sq − 1dsEinf + «d/kBTgmsqd + Einf , s25d

where msqd;f1/sq−1dgfsn+1d / s−b−n−2dg.0, showing
that the energy expectation in the Tsallis distribution in-
creases with respect toT within a range in which the ap-
proximation makes sense.

Here we introduce one practical method for giving a
rough theoretical estimate of the reference value for tempera-
ture Ta. Regarding the BG energy distribution densityPBG
.0, assume that lnPBG is concave and thatPBGsE1d
=PBGsE2d holds for certain energy values ofE1,E2. It fol-
lows from these assumptions thatE1øEBG

maxøE2, whereEBG
max

is the maximum point of lnPBG f58g. Also suppose the con-
cavity condition for thessingled Tsallis energy distribution
densityP.0 associated withsq,« ,Td. Then, the validity of
PsE1d=PsE2d results inE1øEmaxøE2, Emax being the maxi-
mum point of lnP, meaning that the effective support of lnP
can cover the major region covered by lnPBG se.g., a usual
target is the region covered byPBG at room temperatured.
Thus, the parameter value that providesPsE1d=PsE2d can be
used as a reference value. Now we can directly show that the
relation PsE1d=PsE2d, employing P=rEV /Z8 and PBG

=rE
BGV /ZBG8 fhere,rE

BGsed;exps−bed , Z8 and ZBG8 are nor-
malization constants, andV is the density of statessof any
formdg, is equivalent to the following:

T = Tref ;
1 − q

kB

sE2 + «dexpSb

b
E2D − sE1 + «dexpSb

b
E1D

expSb

b
E2D − expSb

b
E1D .

s26d

Using the values forq and« defined at the beginning of Sec.
III B 1 and putting b;1/s1−qd, Eq. s26d can present the
sought-for reference value. In fact, we have obtainedTref
=19.9 K through the following choice ofE1, E2, andb: we
set 1/kBb=300 K; from the simulated results of the BG total
energy distribution atb we choseE2;kElBG+sBG sthe av-
erage BG energy plus the standard deviationd and determined
E1 so thatPBGsE1d=PBGsE2d holds. Figure 5 shows the simu-
lation results ofPBG at 300 K and that ofP at 19.9 K. The
validity of PsE1d=PsE2d was quite good, and the effective
support of lnP sufficiently covers that of lnPBG, indicating
the cogency of the present method.

Now, unlike the case of the 1DW, the partition function
rate cannot be evaluated simply; even when we use for in-
stance the FEP, it does not completely give the correct an-
swer within an actual computation period against a compli-
cated systemf59g. From the standpoint stated in Sec. II B,
however, we do not necessarily need to pursue the accuracy.

FIG. 4. sColor onlined Distribution density of the total energy of
the alanine tripeptide system. The results shown are for single Tsal-
lis distributions at the indicated values of theT parameter; also
shown for comparison are for the BG distributions at 100, 300, and
1500 K.
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Thus, instead of employing the FEP or some elaborated
method, we here used a very simple relation for the estimate,

„PasEd/PbsEd…„rE
bsEd/rE

asEd… = Zb/Za, s27d

where Pa is the energy distribution density produced from
rE

a .0frasx,p,zd;rE
a(Esx,pd)rzszdg, andPb is similar along

with PbsEdÞ0. In a typical case, a pointE0 such that
PasE0d=PbsE0d may bring a reliable statistical result, since
both Pa and Pb attain relatively high values at the intersec-
tion point E0 stake an appropriate criterion whenE0 is not
unique; e.g., we chose one having a larger value ofPad. For
these reasons, we evaluated the rate using Eq.s27d at E
=E0 in all the following results.

2. Simulation results

Figure 6 shows the simulation results of the potential en-
ergy distribution density forra obtained by the TD method
and the distribution for their sum obtained by the current
method.fWe set asM =2 andc=1; r1 was the Tsallis density

with sq,« ,T1d; r2 was that withsq,« ,T2d.g In this case, in
contrast to the 1DW, it is difficult to obtain the exact values
of the energy distribution, even for the single parameter dis-
tribution, and so it is difficult to obtain an average of the
exact distributions sviz., exact answer for the current
methodd. However, as shown in Ref.f30g, the TD simulation
for the single distribution must have given results with good
accuracy, if the energy value was in the sufficiently attain-
able range; otherwise, the results is suppressed compared
with the other when we take their sumsnote that the current
method can reach the region where either distribution is at-
tainabled. Hence, their average gives a good estimate of the
theoretical value. Figure 6 shows that this average and the
results by the current method were finely approximated. For
these reasons, we can conclude that Eq.s19d was valid in this
case and that our scheme worked well. Note that, in general,
as system become large, required sampling space region
grows. Thus, the corresponding sufficient simulation time is
needed to obtain reasonable results. Aside from this issue
lying commonly among sampling methods, in principle, the
current method would have no peculiar problem against an
increase in the system size. Even though we employ many
distributions for covering wide region in order to tackle the
issue for large systems, the computational cost to treat the
ODE does not so increasesas stated in Sec. II Bd, compared
with the cost in the case with a few distributions such as that
in the present simulation.

We sought to understand how the difference, between the
current multidistribution and the conventional single distri-
bution, was responsible for the physical results. In Fig. 7, we
show the BGsboth potential and kineticd energy distributions
at several temperatures, calculated by the current method as
well as by the TD method forsq,« ,Tad distribution, using the
reweighting technique. Aside from the low-temperature re-
gion, single distribution withT=15 led to a not so statisti-
cally satisfactory answer for high temperatures; on the other
hand, that withT=60 gave reasonable results for high tem-
peratures but caused erroneously shrinking results in the
low-temperature region. However, with the multidistribution,
the low-temperature results were consistent with those ob-
tained by the low-temperature-oriented single distribution
with T=15, and the high-temperature results were consistent
with those by the high-temperature-oriented singleT=60 dis-
tribution. Furthermore, as for kinetic energy distributions, the
current method showed very good agreement with the theo-
retical valuesf30g across the whole temperature range. These
results indicate the superiority of the current method in that
this method yielded statistically reasonable results for physi-
cal quantities over a wide range of temperatures, whose
range was intractable with the single distribution during the
same simulation period.

To compare quantitatively the efficiency of the current
scheme and that of the conventional ones with the above
single distributions, we measured the number of tunneling
events in the potential energy trajectory,nT. This is defined
as the number of events that go from a certain energy value
UH to another valueUL and backf60g, and it can be under-
stood that the efficiency raises with progression ofnT. First,
to judge efficiencies using a common attainable energy
region among these schemes, we setUL=10 and

FIG. 5. Total energy distribution density of the alanine system
for the BG distribution at 300 K,PBG, and that for the Tsallis
distribution atT=19.9 K; their logarithm values are shown.E1 and
E2 were chosen so thatPBGsE1d=PBGsE2d holds.

FIG. 6. sColor onlined Potential energy distribution density of
the alanine system. Dashed and dash-dotted lines are simulated
results for the single-Tsallis distribution withsq1,«1,T1d
=s1.010416˙ , 25 kcal/mol, 15 Kd and that with sq2,«2,T2d
=s1.010416˙ , 25 kcal/mol, 60 Kd, respectively. The average of
these two single distributions is shown by the dotted line. The cor-
responding simulated results for the multi-Tsallis distribution by the
current method is given by a solid line.
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UH=130 kcal/mol. They were set from the reason that the
UL value was assessed at a representative lower energy value
for the high-temperature-oriented singleT=60 Tsallis distri-
bution from the observation thatU.8 kcal/mol for which
ln PsUd=−9 holds, and likewise that theUH a representative
upper value for the low-temperature-oriented singleT=15
distribution from lnPs138 kcal/mold.−9; see Fig. 7sad.
TheseUL andUH values were in dominant energy regions for
the BG distributions at 400 and 1600 Ksnot shownd, respec-
tively. The performance of these schemes were:nT=465 for
the current multiple distribution;nT=145 and 140 forT=15
and 60 single distributions, respectively. As expected, the
efficiency of the current method became clearer when we
enlarged the range betweenUH and UL se.g.,UL;0 nearly
corresponds to an average energy of the BG distribution at
300 Kd, as shown in Table I. We can see that the results for
the single distribution depends significantly on the values of
UL andUH, and that the current method maintains relatively
good efficiencies for wide range of the tunneling events.

Even so, when an error exists in the simulated values for
the sum of distributions, a major reason for the error may
come from inaccuracy in thespredevaluation ofYa. Here it is
pointed out again that our purpose is not to seek an accurate
value of Ya, but to perform an effective broad sampling of
states using a certain designed density. Nevertheless, for
practical purposes, it is useful to examine how the results
depend on theYa value. To do this, we used a fixed value of
Y2 and deviated theY1 value from 1; notice that not each
value, but only the rate betweenY2 and Y1 has meaning
fmultiplications ofY1°c1Y

1 andY2°c2Y
2 are equivalent to

Y1° sc1/c2dY1 and Y2°Y2 in the ODE; see Eq.s12d or
s21dg. Figure 8 shows the results of the potential energy dis-
tributions. As expected, as theY1 value increased, the con-
tribution of thesq,« ,T1d distribution decreased; conversely,

FIG. 7. sColor onlined BG en-
ergy distribution densities atT
=150, 300, 900, and 1500 K of the
alanine system for potential en-
ergy sad and kinetic energysbd.
Reweighted results obtained from
the simulation realizings1d the
single Tsallis distribution with
sq1,«1,T1d, s2d that with
sq2,«2,T2d, and s3d the current
multi-Tsallis distribution. In sad,
upper panel shows the results for
s1d and s3d; lower for s2d and s3d.
In sbd, upper for s1d and s3d;
middle for s2d and s3d; lower the
results for the theoretical values
and s3d.

TABLE I. The number of tunneling events for potential energy
trajectory. The event is defined by the events that go from an energy
value UH to a valueUL and back. The trajectories are derived by
simulations for single Tsallis distribution withT=15, 60 K, and for
multiple Tsallis distribution defined from the current scheme.

Rangeskcal/mold Single distribution

UL UH T=15 K T=60 K Multiple distribution

10 130 145 140 465

0 130 133 21 374

10 150 97 122 379

FIG. 8. sColor onlined The multi-Tsallis potential-energy distri-
bution density of the alanine system. The partition function rate
parameterY1 is varied. For comparison, single Tsallis energy distri-
butions atT=15 and 60 K are shown.
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that of sq,« ,T2d distribution increased. It should be noted
that in every case, a remarkably wide sampling in the energy
space was performed, compared with the case with the BG
and Tsallis distributions. Even if an accurateYa is not at-
tained, such a broad region sampling, which cannot be easily
achieved when only a single distribution is considered, is the
most important consequence of this method. TheYa depen-
dence is discussed also below.

Another characteristic of the current method’s results is
the natural appearance of the orbit transition among distinct
energy regions. Figure 9sad shows the potential energy tra-
jectory obtained by the current method withY1=1. Figures
9sbd and 9scd also show those against the deviatedY1 values
with Y2 fixed as above. Their behaviors were intrinsically

different from those obtained by the dynamics in realizing
each single Tsallis distribution, as exhibited in Figs. 9sdd and
9sed at T=15 and 60 K, respectively. The trajectories for the
current method consist of two parts: the higher-energy part
mainly comes from the contribution of thesq,« ,T2d distribu-
tion, and the lower-energy part from that ofsq,« ,T1d. The
sojourn time in each part varied with the change in theY1

value, in a manner such as that expected from the energy
distribution results shown in Fig. 8. In any case, the jump
between the two parts, or thesexdchange of the region related
to each parameter value, occurred automatically. Since an
accurate value ofYa is not necessarily obtained, this param-
eter may resemble the uncertain parameter that determines
the exchange timing employed in the conventional method
with a dynamic view. However, it should be noticed thatYa

has a completely different meaning from that of the uncertain
parameter, in thatYa is not an arbitrarily parameter but has
an exact value and thus allows us to use its approximation.

As an extension of our method, we can add more distri-
butions. For example, the BG distribution at 300 K was
added to the sum of the above two distributions from the
following viewpoint. Suppose that we need information
about the energy region corresponding to the 300 K range.
Since the targeted region determined from the complicated
energy surface is generally disconnected in the phase space,
to access a new relevant area will requiresid lower-energy
region samplingsto explored and sii d higher-energy region
samplingsto escaped. Thus, as we can see by the example in
Fig. 7, this sampling scheme will be performed effectively
once we realize the proposed distribution, i.e., the sum ofr1:
the Tsallis distribution density withsq,« ,T1d for sid, r2: that
with sq,« ,T2d for sii d, and r3: the added BG distribution
density at 300 Ksor that withq3=1, any«3, andT3=300d. As
shown in Fig. 4, there is a major overlap betweenr1 andr2

and betweenr1 and r3, so that fputting c=1 and per-
muting M=h1,2,3j by s= s 123

213
dg we additionally calculated

Y3 using Eq.s27d. Figure 10 shows the potential energy dis-
tribution densities related to this summation. The results of

FIG. 9. sColor onlined Potential energy trajectories for the ala-
nine system, obtained from the current dynamics for the multi-
Tsallis distribution composed of two Tsallis distributionssat T=15
and 60 Kd, where the partition function rateY1 was set as 1.0sad,
0.2 sbd, and 5.0scd. The trajectory obtained from the dynamics for
the single Tsallis distribution is shown forT=15 K sdd and T
=60 K sed.

FIG. 10. sColor onlined Potential energy distribution density of
the alanine system. Dashed, dash-dotted, double-dash-dotted lines
are simulated results for the single Tsallis distribution atT=15 K
and that at 60 K, and the results for the BG distribution at 300 K,
respectively. The average of these three single distributions is
shown by the dotted line. The corresponding simulated results for
the multi-Tsallis distribution combining these three by the current
method is shown by the solid line.
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the current method provided, with very good accuracy, the
average of the results for the above three distributions other-
wise simulated. This demonstrates that these distributions
were joined in a quantitatively successful manner again by
the current method. We can see that indeed the sampling

included both the low-energy region covered by thesq,« ,T1d
distribution and the high-energy region by thesq,« ,T2d dis-
tribution, in addition to the BG energy region. Concerning
the Ya value dependence, we performed simulations using
several values ofY1 corresponding tosq,« ,T1d also in this
casesthe major overlap was seen throughr1d. In Fig. 11 we
show the reweighted results of the BG potential energy dis-
tributions at several temperatures as well as the kinetic en-
ergy distributions. As shown through the small discrepancies
among the distributions for distinctY1 values, the results
were consistent with each other, indicating that such impor-
tant physical variable samplings were irrelevant to the exact
adjustment of the value ofYa.

IV. CONCLUSION

We have proposed a deterministic sampling scheme for
effectual performance in continuous systems, and we have
investigated the fundamental aspects of the scheme in detail.
The expectation of a function is given by the average of each
expectation for multiple arbitrarily given distributions, which
also is the realizing probability for an arbitrary subset in the
phase space. This addresses a static feature for realizing mul-
tiple distributions and enables us to cover a wide space re-
gion. Using the one-dimensional double-well potential
model, we have shown that our method works exactly and
indeed permits discontinuity of the density of states. Some
techniques proposed here have been devoted to sampling
well in realistic systems, freeing us from the need for de-
tailed tuning of the parameter value for a targeted single
distribution, especially for a Tsallis distribution. A method
for constructing a suitable parameter sequence to build an
effective multi-Tsallis distribution was proposed by consid-
ering the reference temperature and the temperature depen-
dence of the Tsallis distribution. We confirmed these in the
alanine tripeptide system. The potential energy trajectories
obtained from the current method differed intrinsically from
each trajectory derived from a single distribution, but they
involved each characteristic. The static feature of the method
creates the automatic trajectory jump among the dominant
phase-space regions, inducing a nonparametrical scheme
with respect to the region exchange. We have also investi-
gated the dependence of simulated issues on the value of the
partition function rate, whose adhibition is required, and con-
firmed the irrelevance of the value to the important physical
results. Finally, we have presented the composition method
dealing with both the BG distribution, which is targeted as
concern, and the Tsallis distributions, which are applied in
order to bring a twofold energy bias.
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FIG. 11. sColor onlined BG energy distribution densities atT
=150, 300, and 900 K for the alanine system:sad Reweighted re-
sults of potential energy obtained from the simulation realizing mul-
tidistribution composed of the Tsallis distribution at 15 K, that at 60
K, and the BG distribution at 300 K, using the indicatedY1 values
stopd. The difference of the results forY1=0.2 smiddled fY1=5.0
sbottomdg from that forY1=1. sbd Those for the kinetic energy.

MOLECULAR DYNAMICS SAMPLING SCHEME… PHYSICAL REVIEW E 71, 046708s2005d

046708-11



f1g F. Faupel, W. Frank, M.-P. Macht, H. Mehrer, V. Naundorf, K.
Räzke, H. R. Schober, S. K. Sharma, and H. Teichler, Rev.
Mod. Phys.75, 237 s2003d.

f2g S. Sastry, NaturesLondond 409, 164 s2001d.
f3g N. A. Alves and U. H. E. Hansmann, Phys. Rev. Lett.84, 1836

s2000d.
f4g W. G. Hoover and B. L. Holian, Phys. Lett. A211, 253s1996d,

and the references therein.
f5g W. G. Hoover,Computational Statistical MechanicssElsevier,

New York, 1991d.
f6g Y. Sugita and Y. Okamoto, Chem. Phys. Lett.314, 141s1999d.
f7g Y. Sugita, A. Kitao, and Y. Okamoto, J. Chem. Phys.113,

6042 s2000d.
f8g U. H. E. Hansmann, Y. Okamoto, and F. Eisenmenger, Chem.

Phys. Lett.259, 321 s1996d.
f9g N. Nakajima, H. Nakamura, and A. Kidera, J. Phys. Chem. B

101, 817 s1997d.
f10g S. Jang, Y. Pak, and S. Shin, J. Chem. Phys.116, 4782s2002d.
f11g J. G. Kim, Y. Fukunishi, A. Kidera, and H. Nakamura, Phys.

Rev. E 68, 021110s2003d.
f12g A. Mitsutake and Y. Okamoto, J. Chem. Phys.121, 2491

s2004d, and the references therein.
f13g R. Zhou, B. J. Berne, and R. Germain, Proc. Natl. Acad. Sci.

U.S.A. 98, 14931s2001d.
f14g A. E. Garcia and J. N. Onuchic, Proc. Natl. Acad. Sci. U.S.A.

100, 13898s2003d.
f15g R. Yamamoto and W. Kob, Phys. Rev. E61, 5473s2000d.
f16g K. Ikeda, O. V. Galzitskaya, H. Nakamura, and J. Higo, J.

Comput. Chem.24, 310 s2003d.
f17g N. Nakajima, J. Higo, A. Kidera, and H. Nakamura, Chem.

Phys. Lett.278, 297 s1997d.
f18g Y. S. Watanabe, Y. Fukunishi, and H. Nakamura, J. Mol.

Graphics Modell.23, 59 s2004d.
f19g N. Kamiya, J. Higo, and H. Nakamura, Protein Sci.11, 2297

s2002d.
f20g S. Ono, N. Nakajima, J. Higo, and H. Nakamura, J. Comput.

Chem. 21, 748 s2000d.
f21g C. Tsallis, J. Stat. Phys.52, 479 s1988d.
f22g C. Tsallis, Braz. J. Phys.29, 1 s1999d, for an updated bibliog-

raphy, see http://tsallis.cat.cbpf.br/biblio.htm
f23g I. Andricioaei and J. E. Straub, J. Chem. Phys.107, 9117

s1997d.
f24g U. H. E. Hansmann, F. Eisenmenger, and Y. Okamoto, Chem.

Phys. Lett.297, 374 s1998d.
f25g Y. Pak and S. Wang, J. Chem. Phys.111, 4359s1999d.
f26g A. R. Plastino and C. Anteneodo, Ann. Phys.sN.Y.d 255, 250

s1997d.
f27g I. Fukuda and H. Nakamura, Phys. Rev. E65, 026105s2002d.
f28g J. S. Andrade, Jr., M. P. Almeida, A. A. Moreira, and G. A.

Farias, Phys. Rev. E65, 036121s2002d.
f29g I. Fukuda and H. Nakamura, Chem. Phys. Lett.382, 367

s2003d.
f30g I. Fukuda and H. Nakamura, J. Phys. Chem. B108, 4162

s2004d.
f31g A. M. Ferrenberg and R. H. Swendsen, Phys. Rev. Lett.61,

2635 s1988d.
f32g U. H. E. Hansmann, Phys. Rev. E56, 6200s1997d.
f33g T. Terada, Y. Matsuo, and A. Kidera, J. Chem. Phys.118, 4306

s2003d.
f34g I. Fukuda and H. Nakamura, inSlow Dynamics in Complex

Systems: Third International Symposium on Slow Dynamics in
Complex Systems, edited by Michio Tokuyama and Irwin Op-
penheim, AIP Conf. Proc. No. 708sAIP, Woodbury, 2004d, p.
356.

f35g S. Jang, S. Shin, and Y. Pak, Phys. Rev. Lett.91, 058305
s2003d.

f36g S. Nosé, J. Chem. Phys.81, 511 s1984d.
f37g W. G. Hoover, Phys. Rev. A31, 1695s1985d.
f38g We can also say “ergodicity forr fEq. s10dg,” since the ergod-

icity is an invariant property with respect to a constant multi-
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